We study the local structure of Lie bialgebroids at regular points. In particular, we classify all transitive Lie bialgebroids. In special cases, they are connected to classical dynamical rmatrices and matched pairs induced by Poisson group actions.
Introduction
Lie bialgebroids were introduced by Mackenzie and Xu in [9] as the infinitesimal versions of Poisson groupoids. Lie algebroids are, in a certain sense, generalized tangent bundles, while Lie bialgebroids can be considered as generalizations of both Poisson structures and Lie bialgebras. It is therefore tempting to classify the local structure of Lie bialgebroids. It is well known that at generic points (called regular points) a Lie algebroid A is locally isomorphic to the following "standard" one:
where D ⊆ T M is an integrable distribution, which is the image of the anchor, and M × g is a bundle of Lie algebras, namely the isotropy Lie algebras. Here one should think of g as a vector space equipped with a family of Lie algebra structures parameterized by points on the base manifold M , denoted by {g x |x ∈ M }. The Lie brackets are constant along leaves of D. I.e., for any A, B ∈ g considered as constant sections In particular, A is a transitive Lie algebroid if D = T M . Consider the extended vector bundlē
The bracket on Γ(A) naturally extends to a bracket on sections ofĀ. This is done simply by applying the same formula: Equation (2) to X + A, Y + B ∈ X(M ) ⊕ C ∞ (M, g). Using the graded Leibniz rule, one may extend this bracket to sections of ∧ * Ā as well, which extends the ordinary Schouten brackets on Γ(∧ * A). However,Ā is in general not a Lie algebroid any more. For example, for A, B ∈ g, X ∈ X(M ), we have 
which may not be zero unless [A, B] is a constant. This extended bundleĀ and the brackets on Γ(∧ * Ā ) will be useful later in the paper in order to describe the Lie algebroid structure on
The purpose of this paper is to classify all possible Lie bialgebroids (A, A * ) for which A is of the standard form (1). We find that a Lie bialgebroid structure in this case can be totally characterized by a pair (Λ, δ), where Λ is a section of ∧
2Ā
, and δ is a bundle map M ×g −→ M ×∧ 2 g. Such a pair defines the Lie algebroid structure on A * . For transitive Lie bialgebroids, one can furthermore describe such a Lie bialgebroid using a quadruple (π, θ, τ, δ) satisfying certain equations (see Theorem 3.2), where (π, θ, τ ) are components of Λ. In this way, one establishes a one-to-one correspondence between transitive Lie bialgebroids and equivalence classes of certain quadruples. As applications, we recover a construction, due to Lu [6] , of a Lie algebroid arising from a matched pair induced by a Poisson group action. Another special case is connected to dynamical r-matrices coupled with Poisson manifolds, which is a natural generalization of the classical dynamical rmatrices of Felder [3] .
Regular Lie bialgebroids
The aim of this section is to give a general description of a Lie bialgebroid (A, A * ) at a regular point. As mentioned in Introduction, any Lie algebroid A is always locally isomorphic to the "standard" one (1), so we will assume that A is isomorphic to this form throughout the paper. Indeed we say that a Lie bialgebroid (A, A * ) is regular if A is of the standard form (1). It is clear that D * is isomorphic to the quotient bundle T * M/D ⊥ . By pr, we denote the projection
By abuse of notation, we use the same symbol to denote its extension
For any α ∈ Ω 1 (M ) (or more generally α ∈ Γ(T * M ⊕ (M × g * )), byα we denote its corresponding section in D * (or A * ). Hence
Even though we are mainly interested in the local structure, our results hold for more general situations as well. 
A) corresponding to the Lie algebroid structure on A * is of the form:
where 
Here, as well as in the sequel, δ is considered as a linear map: Γ(∧ * A) −→ Γ(∧ * +1 A), which is a graded derivation naturally extending the bundle map δ : M × g −→ M × ∧ 2 g. We will divide the proof into several lemmas. By [·, ·] * and ρ * , we denote, respectively, the Lie bracket and the anchor of the dual Lie algebroid A * . Define K ∈ Γ(∧
2Ā
) and θ ∈ X(M ) ⊗ g by
Note that in general K is not a section of ∧ 2 A. This is because the image of ρ * is not necessarily contained in D. By θ # , we denote the induced bundle map
It is obvious to see that
Let π ∈ Γ(∧ 2 T M ) be the Poisson structure on M induced from the Lie bialgebroid [9] . 
where Z(g x ) is the center of the Lie algebra g x .
Proof. By definition [9] ,
On the other hand, we also have
from which (4) follows immediately. (3) follows because ρ * is a Lie algebroid morphism from T * M to A * [9] , where T * M is equipped with the standard Lie algebroid structure induced from the Poisson tensor π.
As for (5), we have
Here we have used the fact that
, and therefore d A f = 0 according to Equation (6) . By (5), we obtain that d A (ρ * (ξ)f ) = 0 and ad *
Thus (6) is proved. It is easy to see that (6) 
for any A ∈ g considered as a constant section of A. For this purpose, let us choose a local coordinate system (
for any x and i = 1, · · · , k. Thus, locally we can write
The latter is equivalent to Im(ρ * ) ⊆ D due to (1) and Equation (13). This completes the proof of the proposition. Corollary 2.3. We have the following 1. for any X, Y ∈ Γ(D) and A ∈ g, we have
For
Proof. Equation (14) is obvious. For Equation (15), we write K = K 1 + K 2 as in the proof of Proposition 2.2. From the fact that
On the other hand, from the Jacobi identity of the Schouten bracket on Γ(∧ * A), it follows that
Equation (15) thus follows.
Finally, we note that
For any ξ ∈ g * , it is simple to see that ξ (
. The conclusion (2) thus follows immediately.
The following result describes the bracket of mixed terms in Γ(A * ).
Proof. First, let f ∈ C ∞ (M ) be an arbitrary function, and ξ ∈ g * an arbitrary element. Then according to Proposition 2. The last step is to analyze the bracket between elements in C ∞ (M, g * ). Note that ∀ξ, η ∈ C ∞ (M, g * ) and ∀f ∈ C ∞ (M ), by Equation (12), one has
can be split into two parts:
where
• defines a fiberwise bracket on the bundle M × g * , while Ω(ξ, η) corresponds to a g ∧ g-valued one-form on the bundle D, i.e.,
) be its induced bundle map, and δ
Lemma 2.5.
Proof. By Propositions 2.2, 2.4 and the fact that
which implies Equation (19) immediately.
and Equations (14, 19), it follows that
This is equivalent to that, as a
On the other hand, we have
It thus follows that [τ, A]
is a cobracket which induces a fiberwise bracket [·, ·]
• on M × g * constant along leaves of D. Moreover it is simple to see, from Equation (22), that
Thus, from Equation (18), we get
This concludes the proof of the proposition.
Proof of Theorem 2.1: According to Proposition 2.2 (3), Proposition 2.4, and Proposition 2.6, we conclude that for any α,
• . Notice that in Proposition 2.6, τ and δ are not unique. They can differ by an 
For any
We should note that the role of A and A * is not symmetric here. In other words, that (A, A * ) is decomposable does not necessarily mean that (A * , A) is decomposable. In fact (A * , A) may even not be regular.
The following immediately follows from Proposition 2.2 (9). In other words, one can reduce the study of a decomposable Lie bialgebroid to the study of transitive ones, which is the main topic of the next section.
Corollary 2.9. Given a regular Lie bialgebroid
(A, A * ), if g x , ∀x ∈ M ,
Transitive Lie bialgebroids
This section is devoted to the study of local structures of transitive Lie bialgebroids, which is a special case of regular ones. In this case, we have A = T M ⊕ (M × g) and the fiberwise brackets on M × g −→ M are constant. We also assume, throughout the section, that H 1 (M ) = {0}. Theorem 2.1 implies the following: 
and the equivalence stands for the gauge equivalence:
Proof. Assume that (A, A * ) is a transitive Lie bialgebroid. According to Theorem 2.1, we know that
for Λ ∈ Γ(∧ 2 A) and δ : g −→ g ∧ g. Moreover, by Theorem 2.7, δ is a Lie algebra 1-cocycle. It is simple to check that
Thus Equation (23) follows. Conversely, given a pair (Λ, δ) satisfying Equation (23), let d * : Γ(∧ * A) −→ Γ(∧ * +1 A) be as in Equation (24). Then d * defines a Lie algebroid on A * iff d 2 * = 0, which is equivalent to: d 2 * f = 0 and d 2 * e = 0 for any f ∈ C ∞ (M ) and e ∈ Γ(A). Now we easily see that ∀f ∈ C ∞ (M ), e ∈ Γ(A),
It thus follows that d 2 * f = 0 whenever the rank of A is greater than 2. If the rank of A is less than or equal to 2, by Equation (25), we have d
automatically. Finally, it is clear that the compatibility condition is satisfied automatically. Now Λ can be split into three parts:
Our next task is to spell out the meaning of Equation (23) in terms of these data. Let us explain some notations that will be needed below. Recall the element θ of X(M ) ⊗ g defined by Equation (9), and the corresponding bundle map θ # :
Note that δ extends naturally to a map, denoted by the same symbol, from
Note that
we denote its total antisymmetrization:
¿From the above discussion, a transitive Lie bialgebroid is then determined by a quadruple (π, θ, τ, δ). We say two quadruples (π i , θ i , τ i , δ i ), i = 1, 2, are equivalent if π 1 = π 2 , θ 1 = θ 2 , and τ 1 = τ 2 + r 0 and δ 1 = δ 2 − [r 0 , ·] for some r 0 ∈ ∧ 2 g. We are now ready to state the main theorem of this section. 
As a g-valued bivector field on
A direct computation, using Lemma 3.3, yields that
For any X ∈ X(M ), according to Equation (25), we have d
is a constant function. The latter is equivalent to Conditions (2)-(5).
For any A ∈ C ∞ (M, g), it is easy to see that (d 
Therefore, we see that d
2 * e = 0, ∀e ∈ Γ(A) iff Conditions (2)-(6) hold. The conclusion thus follows by Theorem 3.1.
Applications
As applications, in this section, we will consider two special cases of transitive Lie bialgebroids. They are connected, respectively, to the Lie algebroids arising from Poisson group actions [6] , and dynamical r-matrices [3] .
Let (A, A * ) be a transitive Lie bialgebroid corresponding to a quadruple (π, θ, τ, δ) as in Theorem 3.2. From Proposition 2.6, it is simple to see that the subbundle M × g
is a Lie subalgebroid iff dτ = 0, or τ ∈ ∧ 2 g is a constant. ¿From now on, we will assume that M ×g * is a Lie subalgebroid. Thus one may simply assume that τ = 0 via a gauge transformation. By Theorem 3.2 (6), we have δ 2 = 0. This implies that g * is a Lie algebra such that (g, g * ) is indeed a Lie bialgebra. Theorem 3.2 (4) is equivalent to that the linear map −(θ # ) * : g * −→ X(M ) obtained by taking the opposite of the dual of θ # is a Lie algebra morphism. Hence, it defines a right action of g * on M . Theorem 3.2 (3) is equivalent to saying that this is a Poisson action (Proposition 5.4 in [10] ). In conclusion, when τ = 0, the conditions in Theorem 3.2 reduce to the statement that (g, g * ) is a Lie bialgebra and M is a Poisson g * -manifold. In this case, the Lie algebroid structure on A * = T * M ⊕ (M × g * ) can be described more explicitly. First, we note that the subbundle T * M is also a Lie subalgebroid of A * . In other words, both summands of A * are Lie subalgebroids. Therefore, in order to describe the bracket on Γ(A * ), it suffices to consider the bracket between the mixed terms. For this purpose, consider the maps:
∀α ∈ Ω 1 (M ) and ξ ∈ C ∞ (M, g * ). Here CDO stands for covariant differential operators [7] , and < ·, · > means the pairing between g * and g. Now a simple computation, using Proposition 2.4, yields that
As a consequence, we conclude that (1). both φ and ψ are Lie algebroid representations, (2). (T * M, M × g * ) is a matched pair, and (3). A * is isomorphic to the corresponding Lie algebroid T * M ⊲⊳ (M × g * ) [8] . This Lie algebroid was studied in detail by Lu in [6] . Now we can summarize the discussion above in the following: 
